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Subject CT4 
 
 

CMP Upgrade 2014/15 
 
 

CMP Upgrade 
 
This CMP Upgrade lists all significant changes to the Core Reading and the ActEd 
material since last year so that you can manually amend your 2014 study material to 
make it suitable for study for the 2015 exams.  Alternatively, you can buy a full 
replacement set of up-to-date Course Notes at a significantly reduced price if you have 
previously bought the full price Course Notes in this subject.  Please see our 2015 
Student Brochure for more details. 

 
 
This CMP Upgrade contains: 
 
 all changes to the Syllabus objectives and Core Reading. 
 
 changes to the ActEd Course Notes, Series X Assignments and Question and 

Answer Bank that will make them suitable for study for the 2015 exams. 
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1 Changes to the Syllabus objectives and Core Reading  
 
 

1.1 Syllabus objectives  
 
Syllabus item (vi)6 has been reworded for clarification.  It now reads: 
 
(vi)6 Describe the Cox model for proportional hazards, derive the partial likelihood 

estimate in the absence of ties, and state the asymptotic distribution of the 
partial likelihood estimator. 

 
The following three syllabus changes are included in the replacement pages for 
Chapter 10 (at the end of this document), so there is no need to amend your Notes 
manually. 
 
Syllabus item (vii)4 has been reworded.  It now reads: 
 
(vii)4 State the Poisson approximation to the estimator in (vii)3. in the case of a single 

decrement. 
 
Syllabus item (viii)2 has been deleted.  It used to say: 
 
(viii)2 Derive the maximum likelihood estimator for the rate of mortality in the 

binomial model and its mean and variance. 
 
Syllabus item (viii)3 has been reworded.  It now reads: 
 
(viii)3 Describe the advantages of the multiple-state Markov model compared with the 

binomial and Poisson models, in terms of: 

(a) how well each model represents the process being modelled 

(b) how easy it is to find, characterise and use the model parameters, given 
the data, and 

(c) how easily each model is extended to problems other than the study of 
human mortality. 
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1.2 Core Reading 
 
Chapter 1 
 
The following two additional bullet points have been added to the list on page 14: 
 
 The validity of the assumptions. 

 Regulatory requirements. 
 
Chapter 5 
 
Both versions of the proof of the result in the box on page 28 (which are given on 
pages 29 to 32) have been removed.  The Core Reading now just says: 
 
The proof of this result is beyond the syllabus. 
 
Chapter 10 
 
There have been significant changes to simplify the Core Reading in this chapter. 
 
The changes are included in the replacement version of this chapter at the end of this 
document. 
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2 Changes to the ActEd Course Notes 
 
Chapter 9 
 
p17 
 
The following sentence has been deleted: 
 
“Unlike the Kaplan-Meier method, this partial likelihood considers observed deaths 
only, not the times at which the deaths occurred, nor any censoring observed between 
deaths.” 
 
Chapter 10 
 
There have been significant changes to simplify the Core Reading in this chapter.  
The key change is that the full version of the binomial model of mortality (with the ia ’s 

and the ib ’s) has now been removed.  Only the basic (“naive”) version remains. 

 
We have included a replacement version of this chapter in its entirety at the end of this 
document. 
 

 

3 Changes to the Q&A Bank 
 
Part 4 
 
The calculations of the initial exposed to risk and the actuarial estimate in Questions 4.9 
and 4.27 have been removed, as the 2015 Core Reading states that students will not be 
expected to calculate these in the exam. 
 
 

4 Changes to the X assignments 
 
The calculations of the initial exposed to risk in Questions 4.4 and 4.10 have been 
removed, as the 2015 Core Reading states that students will not be expected to calculate 
this in the exam. 
 
Question 4.8 has been replaced with a bookwork question. 
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5 Other tuition services 
 

In addition to this CMP Upgrade you might find the following services helpful with 
your study. 
 
 

5.1 Study material 
 
We offer the following study material in Subject CT4: 

 Mock Exam  

 Additional Mock Pack 

 ASET (ActEd Solutions with Exam Technique) and Mini-ASET 

 Revision Notes  

 Flashcards.  
 
For further details on ActEd’s study materials, please refer to the 2015 Student 
Brochure, which is available from the ActEd website at www.ActEd.co.uk. 
 
 

5.2 Tutorials 
 
We offer the following tutorials in Subject CT4: 

 a set of Regular Tutorials (usually lasting two or three full days) 

 a Block Tutorial (lasting two or three full days) 

 a Revision Day (lasting one full day). 
 
For further details on ActEd’s tutorials, please refer to our latest Tuition Bulletin, which 
is available from the ActEd website at www.ActEd.co.uk. 
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5.3 Online Classroom 
 

The Online Classroom is an exciting new approach to studying for the actuarial exams.  
It acts as either a valuable add-on to a face-to-face tutorial or a great alternative to a 
tutorial, particularly if you're not based in the UK or near a tutorial venue. 
 
At the heart of the Online Classroom in each subject is a comprehensive, easily-
searched collection of over 100 tutorial units.  These are a mix of: 

 teaching units, helping you to really get to grips with the course material, and  

 guided questions, enabling you to learn the most efficient ways to answer 
questions and avoid common exam pitfalls.  

The best way to discover the Online Classroom is to see it in action.  You can watch a 
sample of the Online Classroom tutorial units on the ActEd website at 
www.ActEd.co.uk. 

 

5.4 Marking 
 
You can have your attempts at any of our assignments or mock exams marked by 
ActEd.  When marking your scripts, we aim to provide specific advice to improve your 
chances of success in the exam and to return your scripts as quickly as possible. 
 
For further details on ActEd’s marking services, please refer to the 2015 Student 
Brochure, which is available from the ActEd website at www.ActEd.co.uk. 
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6 Feedback on the study material 

ActEd is always pleased to get feedback from students about any aspect of our study 
programmes.  Please let us know if you have any specific comments (eg about certain 
sections of the notes or particular questions) or general suggestions about how we can 
improve the study material.  We will incorporate as many of your suggestions as we can 
when we update the course material each year. 
 
If you have any comments on this course please send them by email to CT4@bpp.com 
or by fax to 01235 550085. 
 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 



 

 
 
 
  
 
© IFE: 2015 Examinations The Actuarial Education Company   

 
 
 

All study material produced by ActEd is copyright and is sold 
for the exclusive use of the purchaser.  The copyright is owned 

by Institute and Faculty Education Limited, a subsidiary of 
the Institute and Faculty of Actuaries. 

 
 

Unless prior authority is granted by ActEd, you may not hire 
out, lend, give out, sell, store or transmit electronically or 

photocopy any part of the study material. 
 
 

You must take care of your study material to ensure that it is 
not used or copied by anybody else. 

 
 

Legal action will be taken if these terms are infringed.  In 
addition, we may seek to take disciplinary action through the 

profession or through your employer. 
 
 

These conditions remain in force after you have finished using 
the course. 
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Chapter 10 
 
 

Binomial and Poisson models 
 
 

Syllabus objectives 
 
(vii) Derive maximum likelihood estimators for the transition intensities in models of 

transfers between states with piecewise constant transition intensities. 
 
 4. State the Poisson approximation to the estimator in (vii) 3 in the case of 

a single decrement. 
 
(viii) Describe the binomial model of mortality, derive a maximum likelihood 

estimator for the probability of death and compare the binomial model with the 
multiple-state models. 

 
 1. Describe the binomial model of the mortality of a group of identical 

individuals subject to no other decrements between two given ages, in the 
naive case where all lives are observed for exactly one year. 

 
 2. Describe the advantages of the multiple-state Markov model compared 

with the binomial and Poisson models, in terms of 

  (a) how well each model represents the process being modelled 

  (b) how easy it is to find, characterise and use the model parameters, 
given the data, and 

  (c) how easily each model is extended to problems other than the 
study of human mortality. 

 
 

0 Introduction 

In this chapter we introduce two more statistical models, which are based on two 
discrete probability distributions – the binomial and the Poisson models.  These 
distributions can be used to model the number of deaths observed in a mortality 
investigation.   
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The aim of the models is to derive estimates of the true underlying values of xq  (using 

the binomial model) or xm  (using the Poisson model) from our observations. We will 

identify the appropriate estimators and their statistical properties. 
 
We end this chapter with a comparison of the advantages and disadvantages of the 
binomial and Poisson models, along with the two-state model that is discussed in 
Chapter 4. 
 
Note that the exam syllabus for the 2015 exams for this topic was changed, with some 
aspects of the binomial model being removed.  We have removed these from the ActEd 
materials.  However, if you look back at the original versions of some earlier CT4 exam 
questions, you may encounter some of these. 
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1 Binomial-type models 

1.1 The binomial model 

Much practical work in life insurance uses life tables in which quantities such as 

xq  are tabulated for integer ages x .  Thus an obvious question appears to be: 

can we formulate a probabilistic model of mortality, within which framework, and 
with suitable data, we can find estimates of the life table probabilities xq ? 

 
The answer is yes, if we are prepared to accept a very simple framework, and it is 
motivated by the following thought experiment. 
 
Observe N  identical, independent lives aged x  exactly for one year, and record 
the number d  who die.  Then d  is a sample value of a random variable D .   
 
If we suppose that each life dies with probability xq  and survives with 

probability 1 xq- , then D  has a binomial distribution with parameters N  and 

xq .   

 
In other words, the death or survival of each life can be represented by an independent 
Bernoulli trial with associated probabilities of xq  and 1 xq  respectively.  Recall from 

Chapter 7 that xq  is referred to as the initial rate of mortality. 

 
The number of deaths is a random variable ~ Binomial( , )xD N q .  The observed 

number of deaths d  is a sample value of this random variable.  You may also see the 
Greek letter   (“theta”), which is commonly used to denote the observed number of 
deaths. 
 
For the thought experiment outlined above, the probability that exactly d  deaths will 
occur during the year is: 
 

[ ] (1 )d N dN
P D d q q

d
 

   
 

,  0,1, 2,...,d N  

 
Proof 
 
Since we have assumed that deaths operate independently, the probability that a 
specified d  individuals will die during the year, and the remaining N d  will not, is 

(1 )d N dq q  . 
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However, we need to multiply this probability by the combinatorial factor 

!

!( )!

N N

d d N d

 
   

, which is the number of ways the d  deaths could be “chosen”. 

 

Example 
 
10,000 school children have been selected to take part in a one year medical study.  
If the initial annual rate of mortality is 0.00025 for each child and deaths are expected to 
occur independently, calculate the probability that 2 or more of the participants will die 
before the end of the study. 
 
Solution 
 
We have an initial population of 10,000N   individuals with a constant initial rate of 

mortality 0.00025q   and deaths are assumed to be independent.  So, the binomial 

model applies and the number of deaths D  has a (10,000, 0.00025)Binomial  

distribution. 
 
Using the formula for the binomial distribution: 
 

10,000

9,999

( 0) (1 0.00025) 0.0821

( 1) 10,000 0.00025(1 0.00025) 0.2052

P D

P D

   

    
 

 
So, the probability of 2 or more deaths is: 1 0.0821 0.2052 0.7127    

 
 

Question 10.1  

Calculate the probability that there will be exactly 3 deaths during the study. 
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1.2 Estimating xq  from the data 

We have seen how to calculate the probability of observing a certain number of deaths 
when we know the probability of an individual life surviving or dying during the year.  
In reality we do not know the true value of xq  and we will need to use the observations 

from an investigation to estimate this unknown quantity.   
 
One method of deriving this estimate is to use the method of maximum likelihood. This 
involves selecting the value of xq  that maximises the likelihood of obtaining the observed 

number of deaths. 
 

The intuitive estimate of xq  is =ˆx
d

q
N

, and this is also the maximum likelihood 

estimate. 
 
This is certainly a very intuitive result.  For example, if we were to observe 100 people 
for one year and 3 of the individuals were to die during the investigation, it seems 
natural to infer that the probability of death is 3 in 100 (ie that 0.03xq  ). 

 
We will now show that this intuitive result is theoretically correct. 
 
Proof 
 
Under the binomial model, the likelihood of recording exactly d  deaths if the rate of 
mortality is q  is: 

 

( ) (1 )d N dN
L q q q

d
 

  
 

 

 
This can be maximised by maximising its log: 
 

log ( ) log log ( ) log(1 )
N

L q d q N d q
d

 
     

 
 

 
Differentiating with respect to q  (using the function-of-a-function rule): 

 

log ( )
1

d N d
L q

q q q
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This is zero at the value q̂  such that: 

 

 0
ˆ ˆ1

d N d

q q


 


 

 
  ˆ ˆ(1 ) ( )d q N d q    

  ˆ ˆ ˆd d q N q d q    

  ˆd N q  

  ˆ
d

q
N

  

 

We know that this is a maximum since 
2

2 2 2
log ( ) 0

(1 )

d N d
L q

q q q

 
   

 
. 

 
The maximum likelihood estimate we have just found is the observed value of the 

corresponding maximum likelihood estimator x
D

q
N

  . 

 
The corresponding estimator xq  has: 

(i) mean = xq , ie it is unbiased.   

(ii) variance = 
-(1 )x xq q

N
, which is in fact the smallest possible variance for an 

unbiased estimator of xq .  This follows from the Cramér-Rao inequality.   

 
Proof of (i) 
 
The observed number of deaths D  has a ( , )xBinomial N q  distribution, which means that 

it has mean xNq  and variance (1 )x xNq q . 

 

So: ( ) x
x x

NqD
E q E q

N N
     

 
 

 

Question 10.2  

Prove result (ii):  

(1 )
var( ) x x

x
q q

q
N
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Furthermore, it is a property of all maximum likelihood estimators that they are 
asymptotically normally distributed. 
 

Binomial estimator of xq  

When N  is large, the distribution of the estimator xq  is: 

 

 
(1 )

~ Normal ,
-Ê ˆ

Á ˜Ë ¯
x x

x x
q q

q q
N

  

 
These properties show that xq  is a sensible estimator to use.  Its average value equals the 

true value of xq  and it varies as little as possible from the true value.  The normal 

approximation allows us to calculate approximate probabilities and confidence intervals. 
 
This is the naive binomial model of mortality. 
 
This model is “naive” in the sense that it is an oversimplification of the real life 
situation.  In reality, it is extremely unlikely that we would be able to observe N 
identical lives for exactly one year. 
 
 

1.3 Generalisation of the model 

Of course, real life is rather more complicated than our idealised thought experiment. 
 
The binomial model leads to problems if the observations are more realistic: 
 

 we might not observe all lives over the same interval of age 

Whilst we may limit our investigation to lives aged between x  and 1x  , we 
may not observe all the lives for the complete year. 
 

 there will usually be decrements other than death, and sometimes 
increments as well. 

For example, consider an investigation into the mortality of unemployed men 
aged 30.  Some lives will leave the investigation because they return to 
employment – the data will be censored.  Similarly, lives can rejoin the 
investigation if they become unemployed again. 

 
This case will be referred to as the general binomial model of mortality. 
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Constructing a likelihood in terms of xq  is then only possible if a simplifying 

assumption is made about the distribution of xT  in the age range +[ , 1]x x , 

which is usually complicated to implement in practice. 
 
For example, one assumption that we could make is that deaths occur uniformly over 
the year of age [ , 1]x x  . 

 
(You will not be required to construct a likelihood for the general binomial 
estimate of xq  in the exam.) 

 
 

1.4 Actuarial estimate of xq  

An alternative estimate of xq  is available for the general case, called the 

actuarial estimate, which has been used by actuaries for many years.  This 
estimate of xq  is defined as: 

 

 =ˆx
x

d
q

E
 

 
where xE  is the initial exposed to risk, calculated using: 

 

 
=

= + -Â
1

(1 )
d

c
x x i

i

E E t  

 
c
xE  is called the central exposed to risk.  Hence the “c” in the symbol. 

 
In this equation, it  records the time of death during the year of death for the i th death.  

For example, if we are considering the year of age [50,51]  and one person dies when 

they are aged 50 years and 3 months, then the value of it  for that person will be 0.25. 

 
Note that it  can only take values between 0 and 1.  It is only defined for the lives that 

die during the year of age we are considering. 
 

Central exposed to risk 

c
xE  denotes the total observed waiting time and + ix t  is the exact age at death 

of the i th death in the year of age +[ , 1]x x . 
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In terms of our previous notation, =c
xE v  (the realised value of the total random 

waiting time V ). 
 
We met the central exposed too risk previously in Chapter 4, but in that chapter we 
called it the total waiting time.  It represents the actual time that we observe the lives 
while they are in the age range [ , 1]x x  , summed over all the lives in the group.  Note 

that lives no longer contribute to c
xE  once they have died. 

 

Question 10.3  

We are estimating the mortality rate for the year [50,51]  in a mortality study based on 

deaths during the last calendar year.  The table below shows the reference numbers and 
the ages at death for the lives we need to include in our calculations. 
 
 Life Age at death 
  148  50 years 5 months 
  211  50 years 1 month 
  392  50 years 8 months 
  944  50 years 9 months 
 
The central exposed to risk for age 50 for all the lives during the last calendar year has 
been calculated to be 2,250 years. 

Write down the values of it  for these individuals and hence find 50E , the initial exposed 

to risk for age 50. 

 
Where the exact ages of each death are not known, a close approximation can be 

obtained using = + 1
2

c
x xE E d . 

 

Question 10.4  

Compare the value of 50
cE  calculated using this approximation with the exact value 

calculated above.  When would these two answers be the same? 

 
We can summarise these formulae as follows. 
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Actuarial estimate 
 
Exact dates known 
If we know the exact times of each death, we can calculate both the central and initial 
exposed to risk exactly.  The initial exposed to risk is calculated without making any 
assumption about the distribution of the dates of death using the formula: 

 (1 )c
x x i

deaths

E E t    

Exact dates not known 
If the exact dates are not available, we need to use an approximate method to calculate 

both the central and the initial exposed to risk.  The approximation for c
xE  is based on 

the census method, which we will meet in Chapter 11.  The initial exposed to risk xE  is 

calculated using the assumption that deaths occur on average half-way through the year 
of age, using the formula: 

 1
2

c
x xE E d   

 
In either case, the actuarial estimate is then calculated as: 

ˆx
x

d
q

E
  

 
The actuarial estimate is similar (but not equal to) a moments estimate of xq .  

Its derivation as an approximate moments estimate requires a particular 
assumption – the Balducci assumption – which implies a decreasing force of 
mortality between integer ages. 
 
Method of moments estimators (which you may remember from Subject CT3) are 
derived (in the simplest case) by equating the expected value of a quantity (which will 
be a formula involving an unknown parameter) to the actual observed value.  This 
equation is then rearranged to find the estimate of the parameter. 
 
With the naive binomial model, the expected number of deaths would be worked out 
using the formula np  for the mean of a binomial distribution.  Here, the probability p  

corresponds to the unknown mortality rate xq .  If we approximate n , the number of 

people, by treating each death during the year as “half a person” (on the grounds that 

they were typically there for half the time), then we need to use 1
2

c
xE d .  So the 

expected number of deaths during the year would be  1
2

ˆc
x xE d q . 
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If we now equate this to the actual number of deaths d , we get: 
 

  1
2

ˆc
x xE d q d   

  
1
2

ˆx c
x

d
q

E d



 

 
So this gives the same answer as the actuarial estimate calculated using the approximate 
method. 
 
The approximation of treating each death as “half a person” can be justified 
mathematically if we assume that: 
 

1 (1 )t x t xq t q    ,  where x  is any integer age and 0 1t   

 
This is the Balducci assumption, which it is given on page 33 in the formula section of 
the Tables.  This assumption is only usually used in this context, as it is rather unusual 
in that implies that the force of mortality in any particular year of age actually 
decreases.  In reality, for the ages where the majority of deaths occur (over 50, say), 
mortality rates normally increase, rather than decrease, during the year. 
 
You will not be required to carry out a calculation of the actuarial estimate or the 
initial exposed to risk in the exam. 
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2 Poisson model 

2.1 The Poisson distribution 

The Poisson distribution is a discrete probability distribution in which the random 
variable can only take non-negative integer values. 
 
A random variable X  is said to have a Poisson distribution with mean ( 0)    if the 

probability function of X  is: 
 

  for 0,1,2,...
!

xe
P X x x

x


    

 

Remember that  E X   and  var X  . 

 
The Poisson distribution is used to model the number of times “rare” events occur 
during a given period of time – for example the number of particles emitted by a 
radioactive source in a minute.  Such analogies suggest the Poisson distribution could 
be used as a model for the number of deaths among a group of lives, given the time 
spent exposed to risk. 
 
 

2.2 The Poisson model 

If we assume that we observe N  individuals as before, for a total of c
xE  

person-years, and that the force of mortality is a constant m , then a Poisson 

model is given by the assumption that D  has a Poisson distribution with 

parameter c
xEm .  That is: 

 

( )
[ ]

!

c
xE c d

xe E
P D d

d

m m-
= =  

 
Under the observational plan described above, the Poisson model is not an exact 
model, since it allows a non-zero probability of more than N  deaths, but it is 
often a very good approximation. 
 
The probability of more than N  deaths is usually negligible. 
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Example 
 
A large computer company always maintains a workforce of exactly 5,000 young 
workers, immediately replacing any worker who leaves. 
 
Use the Poisson model to calculate the probability that there will be fewer than 3 deaths 
during any 6 month period, assuming that all workers experience a constant force of 
mortality of 0.0008 per annum. 
 
Solution 
 
We have a constant population of 5,000P   individuals with a constant force of 

mortality 0.0008  .  If we assume that deaths are independent, the Poisson model 

applies and the number of deaths during any 6 month period has a Poisson distribution 
with mean 0.0008 5,000 6 12 2   . 

 

So: 2(No deaths) 0.1353P e   

 
2(Exactly 1 death) 2 0.2707P e   

 
2

22
(Exactly 2 deaths) 0.2707

2!
P e   

 
and the probability of fewer than 3 deaths is: 0.1353 0.2707 0.2707 0.6767   . 

 
 

2.3 Estimating the underlying force of mortality 

We would like to use our knowledge about the number of deaths observed and the total 
exposed to risk (waiting time) to estimate the unknown true force of mortality. 
 
The Poisson likelihood leads to the following estimator of (constant) m : 

 

c
x

D

E
m =  
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Proof 
 
The likelihood of observing d  deaths if the true value of the hazard rate is m  is: 

 

 
( )

( )
!

c
xEc d

xE e
L

d

mm
m

-
=  

 
which can be maximised by maximising its log: 
 

log ( ) (log log ) log !c c
x xL d E E dm m m= + - -  

 
Differentiating with respect to m : 

 

log ( ) c
x

d
L Em

m m
∂ = -
∂

  

 
which is zero when: 
 

ˆ
c
x

d

E
m =  

 

This is a maximum since 
2

2 2
log ( ) 0

d
L m

m m
∂ = - <
∂

. 

 
̂  is the maximum likelihood estimate of  .  It is the realised value of the maximum 

likelihood estimator 
c
x

D

E
  . 

 

Question 10.5  

In a mortality investigation covering a 5-year period, where the force of mortality can be  
assumed to be constant, there were 46 deaths and the population remained approximately 
constant at 7,500.  Estimate the force of mortality. 
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The estimator m  has the following properties: 

 
(i) [ ]E m m= , ie it is unbiased   

 

(ii) var[ ]
c
xE

mm = , which is in fact the smallest possible variance for an unbiased 

estimator of m . 

 
In practice, we will substitute m̂  for m  to estimate these from the data.   

 
Proof of (i) 
 

The observed number of deaths D  has a Poisson ( )c
xE  distribution, which means that it 

has mean c
xE  and variance c

xE . 

 

So:  
c
x

c c
x x

ED
E E

E E
 
 

 
    

 
 

 

Question 10.6 

Prove that  var
c
xE

   . 

 
As for the binomial model, it is a property of all maximum likelihood estimators that 
they are asymptotically normally distributed.  In other words: 
 

Poisson estimator of m  

When c
xE  is large, the distribution of the estimator m  is: 

 

 ~ Normal ,
Ê ˆ
Á ˜
Ë ¯c

xE

mm m  

 
These properties show that x  is a sensible estimator to use.  Its mean value equals the 

true value of   and it varies as little as possible from the true value.  The normal 

approximation allows us to calculate approximate probabilities and confidence intervals 
for  . 
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Question 10.7  

Find a 95% confidence interval for the force of mortality in Question 10.5. 

 
 

2.4 Links to the two-state Markov model 

Under the two-state model, [ ]E m m=  and =Var[ ]
E[ ]V

mm , but the true values of m  

and [ ]E V  are unknown and must be estimated from the data as m̂  and c
xE  

respectively.   
 
So although the estimators are different, we obtain the same numerical estimates 
of the parameter and of the first two moments of the estimator, in either case. 
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3 Comparison of two-state, binomial and Poisson models 

We conclude this chapter with a comparison of the three models of mortality: the two-
state Markov from Chapter 4 and the binomial and Poisson models. 
 
In this section we will be comparing five distinct mortality model estimators: 

(1) the MLE of m  using the two-state Markov model 

(2) the MLE of m  using the Poisson model 

(3) the MLE of xq  using the binomial model in the naive case 

(4) the MLE of xq  using the binomial model in the general case 

(5) the actuarial estimate of xq . 

 
When we compare models, we distinguish three aspects: 

(a) how well each model represents the process we are trying to model 

(b) how easy it is to find, characterise and use the model parameters, given 
the data with which we must work 

(c) how easily each model is extended to problems other than the study of 
human mortality. 

 
 

3.1 Modelling the underlying process 

The underlying process we take to be the time(s) of death of one or more lives, 
considered to be indistinguishable, except in respect of their deaths.  If death is 
the only decrement, this leads to the two specifications: 

(a) representing the time of death by the random variable xT , and regarding 

its distribution function as the fundamental quantity, or 

(b) the two-state model parameterised by x tm + , and regarding the forces of 

mortality x tm +  as the fundamental quantities. 

 

Specification (a) is the approach we took in Chapter 7 where we defined x  in terms of 

xT .  We then obtained ( )xf t , the probability density function of the future lifetime in 

terms of x . 

 
For the most common calculations involving life insurance contracts, we can 
take either as a starting point, since under reasonable conditions we can derive 
the force of mortality starting with (a), while we can obtain the distribution of the 
time to death starting with (b). 
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It is evident that the two-state model represents the process closely (in fact, 
almost by definition), while the binomial model represents a restricted view of 
the process, since it represents only the year of death, and not the time of death. 
 
The two-state model is a continuous-time model that records the precise time of death.  
The binomial model, on the other hand, just identifies the deaths that occur during a 
particular year of age. 
 
In effect, estimates of xq  arising from binomial-type models take the discrete 

random lifetime xK  as the underlying probabilistic model, rather than xT .  

Therefore, if sufficient data are available to use the two-state model, then using 
the binomial model instead will not make the fullest use of the information. 
 
The consequence of this is that the binomial estimator of xq  has a higher 

variance than the estimator ( )m = -1 expxq  obtained from the two-state model, 

especially when m  is large, in which case the time of death has a greater 

influence on the estimate. 
 

Unless the waiting times c
xE  are fixed in advance, which would be unusual in 

actuarial work, the Poisson model is an approximation to the two-state model, in 

which c
xE  is regarded as non-random.  This is acceptable if m  is small. 

 

As we saw in Section 1.4 of this chapter, we use the observed waiting time c
xE  as an 

estimate of [ ]E V .  If   is small, c
xE  should be close to [ ]E V  and the variance of our 

estimator   should be low. 

 
All models leading to estimates of xq  or +x tm  over single years of age require 

some assumptions about the distribution of xT  over the year of age +[ , 1]x x .  

For the Poisson model we usually assume that +x tm  is constant over the year of 

age.  The actuarial estimate associated with binomial-type models is consistent 
with a force of mortality that decreases over each integer year of age.  When m  

is small the difference is not very important. 
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3.2 Estimating the model parameters 

The form and statistical properties of the parameter estimates (and how easy 
they are to find and to use) depend on the form of the available data. 
 
If the exact dates of birth, entry to and exit from observation, and death (if 
observed) are all known, then: 

(a) we can calculate exactly the MLE of m  in the two-state model or the 

Poisson model (since we can calculate the total waiting time exactly from the 
data) 

(b) the MLE of xq  in the binomial model based on individual lives is 

complicated, and further assumptions (such as the Balducci assumption) 
are needed to get results. 

(c) the actuarial estimate of xq  can be calculated exactly. 

 
If the relevant dates are not all known, then all methods require some degree of 

numerical approximation.  (One example is the census method of calculating c
xE  

described in Chapter 11.)  It should be noted that, where census methods have 
been used, the initial exposed to risk can only be obtained by further 
approximation, and so calculating the actuarial estimate from such data is a 
pointless complication compared with the two-state and Poisson models. 
 
In terms of computation, therefore: 

(a) calculating MLEs using the binomial model is very much more difficult 
than calculating any of the other estimates 

(b) where data are only available in census form, numerical approximations 
will be necessary for all methods.  However the two-state or Poisson 
models will be preferred, as the actuarial estimate requires additional 
approximations to be made, to no benefit.   
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3.3 Statistical properties of the maximum likelihood estimates 

The statistical properties of the various models differ slightly. 
 

Question 10.8  

What is meant by the terms “unbiased” and “consistent” when describing the properties 
of a maximum likelihood estimator? 

 
(a) In the two-state model, the MLE is consistent and asymptotically 

unbiased.  The variance of the estimator is also only available 
asymptotically.  Simulation experiments suggest that the results are 
reasonable if ≥ 10d . 

 
We considered the MLEs for the two-state model at the end of Chapter 5. 

 

Question 10.9  

What is the general form of the maximum likelihood estimators for the two-state 
model?  What is the mean and variance of this estimator? 

 
(b) In the Poisson model, the MLE is consistent and unbiased.  Its mean and 

variance are available exactly in terms of the true m  (assumed constant 

over the year of age), but are estimated from the data by the same 
expressions as estimate the asymptotic mean and variance in the two-
state model. 

 
We looked at the MLE for the Poisson model in Section 2.3. 

 
(c) In the “naive” case of the binomial model, the MLE is consistent and 

unbiased, and the exact mean and variance can be obtained in terms of 
the true xq . 

 
We looked at the MLE for the binomial model in Section 1.2. 

 
(d) In the general case of the binomial model, the MLEs are approximate, and 

so their properties will be less than optimal. 
 
(e) The actuarial estimate of xq , as it is (approximately) a moments estimate, 

will generally have inferior properties to those of MLEs, at least 
asymptotically. 
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The significance of these differences between the models is minimal when m  is 

very small.  The differences become much more important, however, where 
larger values of m  are involved. 

 
 

3.4 Extending the models 

Finally we consider the generality of the models, chiefly how easily they can be 
extended to more complicated processes involving more than one decrement, or 
increments as well as decrements, and how effective they are when forces of 
transition are high compared with typical human mortality. 
 
One of the most obvious extensions is the three-state health, sickness, death model, 
which we introduced in Chapter 5.  The transition rates from healthy to sick and from 
sick to healthy will be much higher than the rates from healthy to dead and sick to dead 
– we are likely to be ill several times in our lives but we only die once. 
 
(a) The two-state Markov model is extended very simply to multiple states.  

No matter how complex the model, the estimators have the same simple 
form and statistical properties, the maximum likelihood estimates depend 
only on data that will often be available, exactly or approximately, and the 
apparatus needed in applications (such as the Kolmogorov equations) 
carries over without difficulty. 

 
(b) The Poisson model extends just as easily to multiple decrements, but not 

to processes with increments. 
 

If the population under consideration is the workforce of a company, we could 
use the Poisson model to count the number of decrements eg deaths, 
withdrawals, normal retirements and ill-health retirements.  However, it could 
not deal with new recruits. 

 
(c) There are considerable difficulties in extending the binomial model even 

to multiple decrements, and extending it to increments is harder still. 
 
If transition intensities are high, the loss of information (times of transitions) 
under the binomial model becomes more serious, while the Poisson model 
becomes a poorer approximation to the multiple-state model (because there is 
more randomness in the waiting times). 
 
In conclusion, when studying ordinary human mortality, transition intensities are 
so low that none of the models considered stands out on statistical grounds 
alone.  This is why actuaries have been able to use Poisson and binomial models 
so successfully for so long. 
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However, when we must model more complicated processes or higher transition 
intensities, which is increasingly the case as new insurance products are 
developed, the Markov multiple-state approach appears to offer significant 
advantages. 
 
In general, the best approach in practice is to begin with a specification which 
most nearly represents the process being modelled, and then make 
approximations as and if required for estimation and in applications. 
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4 Exam-style question 

You should now be able to attempt the following question, which is a past exam 
question adjusted to take account of syllabus changes.  
 

    
 
 
 

Question 10.10   

An investigation took place into the mortality of pensioners.  The investigation began 
on 1 January 2013 and ended on 1 January 2014.  The table below gives the data 
collected in this investigation for 8 lives. 
 

Date of birth 
Date of entry 

into observation 
Date of exit 

from observation 

Whether or not exit 

was due to death ( )1  

or other reason ( )0  

1 April 1942 1 January 2013 1 January 2014 0 
1 October 1942 1 January 2013 1 January 2014 0 

1 November 1942 1 March 2013 1 September 2013 1 
1 January 1943 1 March 2013 1 June 2013 1 
1 January 1943 1 June 2013 1 September 2013 0 
1 March 1943 1 September 2013 1 January 2014 0 
1 June 1943 1 January 2013 1 January 2014 0 

1 October 1943 1 June 2013 1 January 2014 0 
 
The force of mortality, 70m , between exact ages 70 and 71 is assumed to be constant. 

 
(i) (a) Estimate the constant force of mortality, 70m , using a two-state model 

and the data for the 8 lives in the table. 
 
 (b) Hence or otherwise estimate 70q . [7] 

 
(ii) Show that the maximum likelihood estimate of the constant force, 70m , using a 

Poisson model of mortality is the same as the estimate using the two-state 
model.  [5] 

 
(iii) Outline the differences between the two-state model and the Poisson model 

when used to estimate transition rates. [3] 
   [Total 15] 
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Chapter 10 Summary 
 
Binomial model 
 
Under the naive binomial model of mortality, we consider each life as an independent 
Bernoulli trial with probability xq  of dying during the year of age.  We record our 

observations only as deaths and survivals and lose any information about the actual 
timing of the deaths. 
 
If D  denotes the number of deaths out of the original N  lives, then: 
 

 ~ Binomial( , )xD N q     and    [ ] (1 )d N dN
P D d q q

d
 

   
 

 

 
The maximum likelihood estimator of xq  is: 

 

 x
D

q
N

     

 
This is asymptotically normally distributed with mean and variance:  
 

( )x xE q q   
(1 )

var( ) x x
x

q q
q

N
 

  

 
Actuarial estimate 
 
In order to estimate the unknown quantity xq , we may need to make a simplifying 

assumption about the probability of death over periods of less than one year.  If we use 
the Balducci assumption, this leads us to the actuarial estimate: 
 

 
Number of deaths

ˆ
Initial exposed to risk

(1 )
x

c
x i

deaths

d
q

E t

 
  

  
 

If we assume further that deaths occur on average half-way through the year, this leads 
to the simpler approximation: 
 

 ˆ
½

x c
x

d
q

E d
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Poisson model 
 
Under the Poisson model, we assume that the force of mortality is constant between 

integer ages and the number of deaths has a Poisson distribution with mean c
xE : 

 

 ~ Poisson ( )c
xD E     and    

( )
[ ]

!

c
xE c d

xe E
P D d

d

 
    

 
The maximum likelihood estimator of   is: 

 

Number of deaths

Central exposed to riskc
x

D

E
  
  

 
 

 
This is asymptotically normally distributed with mean and variance: 
 

 E      var
c
xE

   

 
This model is an approximation to the two-state model and provides the same numerical 
estimates of  . 

 
Comparison of the models 
 
The two-state, binomial and Poisson models can be compared against the following 
criteria: 

 how well it represents the underlying process 

 the statistical properties of the model parameters 

 how easily the model can be extended to other problems. 
 
The maximum likelihood estimators of the underlying rate or force of mortality under 
each model are consistent and unbiased. 
 
The two-state model and the Poisson model can easily be extended to allow for multiple 
decrements, whereas the binomial model cannot. 
 
All models perform well when transition intensities are low, eg with human mortality.   
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Chapter 10 Solutions 
 
Solution 10.1    

The probability of exactly 3 deaths is: 
 

3 10,000 3

3 9,997

10,000
( 3) (0.00025) (1 0.00025)

3

10,000 9,999 9,998
(0.00025) (1 0.00025) 0.2138

3 2 1

P D  
   

 

 
   

 

 

 
 
Solution 10.2    

Using the “ npq ” formula for the variance of a binomial distribution, we have: 

 

 2 2

(1 ) (1 )1
var( ) var var x x x xNq q q qD

q D
N NN N

       
 

  

 
Remember that constants “square up” when you take them outside a variance. 
 
 
Solution 10.3    

Life #148 is the first recorded death and died at age 50 years and 5 months.  So 5
1 12
t  . 

Life #211 is the first recorded death and died at age 50 years and 1 months.  So 1
2 12

t  . 

Life #392 is the first recorded death and died at age 50 years and 8 months.  So 8
3 12

t  . 

Life #944 is the first recorded death and died at age 50 years and 9 months.  So 9
4 12

t  . 

We are told that 50 2, 250cE  . 

 
So the initial exposed to risk is: 

4
7 3 2511 4 1

50 50 12 12 12 12 12 12
1

(1 ) 2, 250 2, 250 2, 252c
i

i

E E t
=

= + - = + + + + = + =Â  
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Solution 10.4    

There were 4 deaths for age 50 in this group.  So 4d =  and the approximate calculation 
gives: 

1 1
50 50 2 2

2, 250 4 2, 250cE E d= + = + ¥ =  

This answer is very close to the exact answer of 1
12

2, 252 . 

If the average value of the it ’s had worked out to be 6
12

 (for example, if Life #944 had 

died at age 50 years and 10 months), then the adjustment we applied to calculate the 

initial exposed to risk would have been 
4

6
12

1

(1 ) 4 2i
i

t
=

- = ¥ =Â  and the answers would 

have been identical. 
 
So we can see that this approximation will be accurate if the deaths occur on average 

half-way through the year of age (ie at age 1
2

50  in this case). 

 
 
Solution 10.5   

The MLE of the force of mortality is 
46ˆ 0.00123

7,500 5
= = =

¥c
x

d
 

E
m  

 
 
Solution 10.6   

2 2

1
var( ) var var( )

( ) ( )

c
x

c c c c
x x x x

ED
D

E E E E

m mm
Ê ˆ

= = = =Á ˜
Ë ¯
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Solution 10.7  

Our estimate has an approximate normal distribution:  ~ ( , )◊◊ c
x

N
E

mm m  

 
A 95% confidence interval can be obtained by taking a range covering 1.96 standard 
deviations either side of the mean.  Since we don’t know the true value of m , we must 

estimate it using m̂ .  This leads to the approximate confidence interval: 

 

 
ˆ

ˆ 1.96= ±
c
xE

mm m  

 

ie 
0.001227

0.001227 1.96 0.001227 0.000354
7,500 5

= ± = ±
¥

m  

 
So, an approximate 95% confidence interval is:  0.00087 0.00158< <m . 

 
 
Solution 10.8   

A maximum likelihood estimator m  is unbiased if [ ] =E m m , whatever the true value 

of m  is. 

 
An estimator m  is consistent if the MLE converges (in probability) to the unknown 

parameter m  as the sample size Æ•n . 

 
 
Solution 10.9   

If transition from state I to state II has transition intensity m  (which wouldn’t 

necessarily represent death), then the maximum likelihood estimator is /= D Vm , 

where D  is the number of transitions from state I to state II and V  is the total waiting 
time in state I. 
 

m  has an asymptotic normal distribution with mean m  and variance 
( )E V

m
. 
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Solution 10.10  

(i)(a) Estimate of 70m  

 
We need to find the central exposed to risk for age 70 for each of the lives.  This is the 
period that we observed each life during the study (ie between 1 January 2013 and 
1 January 2014) when the lives were in the age range (70,71) . 

 
The table below summarises the calculations.  We started by writing down the dates of 
each life’s 70th and 71st birthdays.  If the date of entry was after the life’s 70th birthday 
or the date of exit was before the life’s 71st birthday, we then adjusted the start / end 
date accordingly.  The exposed to risk was then calculated by subtracting the start date 
from the end date. 
 

Life Start date End date Exposed 
to risk 

1 1 April 2012  (age 70) 
1 January 2013  (entry) 

1 April 2013  (age 71) 3 months 

2 1 October 2012  (age 70) 
1 January 2013  (entry) 

1 October 2013  (age 71) 9 months 

3 1 November 2012  (age 70) 
1 March 2013  (entry) 

1 November 2013  (age 71) 
1 September 2013  (exit) 

6 months 

4 1 January 2013  (age 70) 
1 March 2013  (entry) 

1 January 2014  (age 71) 
1 June 2013  (exit) 

3 months 

5 1 January 2013  (age 70) 
1 June 2013  (entry) 

1 January 2014  (age 71) 
1 September 2013  (exit) 

3 months 

6 1 March 2013  (age 70) 
1 September 2013  (entry) 

1 March 2014  (age 71) 
1 January 2014  (exit) 

4 months 

7 1 June 2013  (age 70) 
 

1 June 2014  (age 71) 
1 January 2014  (exit) 

7 months 

8 1 October 2013  (age 70) 
 

1 October 2014  (age 71) 
1 January 2014  (exit) 

3 months 

 
In this type of question, be very careful counting the number of months.  It is very easy 
to miscalculate these by one month. 
 

So: 70 3 9 6 3 3 4 7 3 38 monthscE = + + + + + + + =  

 
From the final column of the table given in the question (the reason for exit), we see 
that Life 3 and Life 4 both died in the age range (70,71)  during the period of 

investigation.  So 2d = . 
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So: 70 38
12

2ˆ 0.63158= =m  

 
(i)(b) Estimate of 70q  

 
We have calculated the maximum likelihood estimate of 70m , so we can use the 

principle of the invariance of maximum likelihood estimates to obtain the maximum 
likelihood estimate of 70q . 

 

Since we are told that 70m  is the constant force of mortality over the year ( )70, 71 , we 

know that: 
 

 70
70 1 -= -q e m  

 
So we can estimate 70q  as: 

 

 70ˆ 0.63158
70ˆ 1 1 0.46825- -= - = - =q e em  

 
(ii) Maximum likelihood estimate of m70  using the Poisson model 

 
Under the Poisson model the observed number of deaths will follow a Poisson 

distribution with a parameter 38
7012

m . 

 
Since we observed 2 deaths, the likelihood function is: 
 

 ( )

2

70 70

70

38 38
exp

12 12

2!

Ê ˆ Ê ˆ-Á ˜ Á ˜Ë ¯ Ë ¯
=L

m m
m  

 
The log-likelihood function is: 
 

 

( )70 70 70

70 70

38 38
log 2 log log 2!

12 12

38 38
2 log log log 2!

12 12

L m m m

m m

Ê ˆ= - -Á ˜Ë ¯

Ê ˆ= + - -Á ˜Ë ¯
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Then the maximum likelihood estimator of 70m  is the solution to: 

 

 
( )70

70 70

log 2 38
0

ˆ 12

L m
m m

∂
= - =

∂
 

 

fi  70 38
12

2ˆ 0.63158= =m  

 
We also have: 
 

 
( )2

70
2 2
70 70

log 2
0

L m
m m

∂
= - <

∂
 

 
So this solution maximises the log-likelihood. 
 
The estimate is the same as the estimate we obtained in part (i)(a) based on the 
two-state model. 
 
(iii) Differences between the two-state and the Poisson model 
 
The Poisson model can be considered to be an approximation to the two-state model. 
 
While the two-state model can be specified so as to allow for increments (ie lives 
entering the population), this is not possible for the Poisson model. 
 
The estimation of the transition rates in the two-state model involves the measurement 
of two random variables – the observed number of decrements and the exposed to risk 
that gave rise to these decrements. 
 
The Poisson model assumes that the exposed to risk remains constant and estimation of 
the transition rates in the model only involves the measurement of the observed number 
of decrements. 
 
The maximum likelihood estimators in both models are asymptotically unbiased and 
consistent.  As we have seen, the formulae for the estimates (and hence the numerical 
answers) are the same in both models.   
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